For a monomial ideal I ⊂ S = K [ 1 ], we show that sdepth(S/I) ≥ − (I), where (I) is the number of the minimal monomial generators of I. If I = I , where ∈ S is a monomial, then we see that sdepth(S/I) = sdepth(S/I ). We prove that if I is a monomial ideal I ⊂ S minimally generated by three monomials, then I and S/I satisfy the Stanley conjecture. Given a saturated monomial ideal I ⊂ K [ 1 2 3 ] we show that sdepth(I) = 2. As a consequence, sdepth(I) ≥ sdepth(K [ 1 2 3 ]/I) + 1 for any monomial ideal in I ⊂ K [ 1 2 3 ].
Introduction
Let K be a field and S = K [8] that this invariant can be computed in a finite number of steps if M = I/J, where J ⊂ I ⊂ S are monomial ideals. There are two important particular cases. If I ⊂ S is a monomial ideal, we are interested in computing sdepth(S/I) and sdepth(I). There are some papers regarding this problem, like [5, 8, 10, 12, 14] . Stanley's conjecture says that sdepth(S/I) ≥ depth(S/I), or in the general case, sdepth(M) ≥ depth(M), where M is a finitely generated multigraded S-module. The Stanley conjecture for S/I was proved for ≤ 5 and in other special cases, but it remains open in the general case. See for instance, [1, 3, 4, 7, 9, 11] . Let I ⊂ S be a monomial ideal. We assume that G(I) = { 1 }, where G(I) is the set of minimal monomial generators of I. We denote (I) = |G(I)|, the number of minimal generators of I. Let = GC D( | ∈ G(I)). It follows that I = I , where I = (I : ). For a monomial ∈ S, we denote ( ) = { : | }. We denote (I) = { : | for some ∈ G(I)}. We denote (I) = | (I )|. In the first section, we prove results regarding some relations between sdepth(S/I), sdepth(I), (I) and (I).
In the second section, we give some applications. We prove that a monomial ideal I ⊂ S minimally generated by three monomials has sdepth(I) = − 1, see Theorem 2.2. We prove that if I is a monomial ideal I ⊂ S minimally generated by three monomials, then I and S/I satisfy the Stanley conjecture, see Theorem 2.3. In the third section, we prove that if I ⊂ K [ 1 2 3 ] is saturated, then sdepth(I) ≥ 2, see Proposition 3.1. As a consequence, sdepth(I) ≥ sdepth(K [ 1 2 3 ]/I) + 1 for any monomial ideal in I ⊂ K [ 1 2 3 ], see Corollary 3.1, thereby giving in this special case an affirmative answer to a question raised by Rauf in [13] .
Preliminary results
We recall the following result of Herzog, Vladoiu and Zheng.
Proposition 1.1 ([8], Proposition 3.4).
Let I ⊂ S be a monomial ideal. Then:
In the following, we give a similar result:
Proposition 1.2.
Let I ⊂ S be a monomial ideal. Then sdepth(S/I) ≥ − (I).
Proof. In order to prove, we use a strategy similar with the Janet's algorithm, see [2] . We use induction on ≥ 1. If For any monomial ideal J ⊂ S, we denote J the K -vector space spanned by all the monomials not contained in J. With this notation, we have the following lemma.
Lemma 1.1.
be a monomial ideal and ∈ S a monomial. Then I = (( ) ∩I)⊕ (I : ) and I = (( ) ∩I )⊕ (I : ) .
Proof. We have
In order to complete the proof, it is enough to show that (( ) ∩ I) = (I : ). Indeed, if ∈ ( ) ∩ I is a monomial, then = for some monomial ∈ S. Moreover, since = ∈ I it follows that ∈ (I : ) and thus ∈ (I : ). The inclusion (( ) ∩ I) ⊇ (I : ) is similar. Analogously, we prove the second statement.
Theorem 1.1.
Let I ⊂ S be a monomial ideal which is not principal. Assume I = I , where ∈ S is a monomial and I = (I : ). Then: (1) sdepth(S/I) = sdepth(S/I ).
(2) sdepth(I) = sdepth(I ).
Proof. ( 
The last equality follows from the fact that I ∩ ( ) = (I ). We claim
In conclusion,
It follows that sdepth(S/I ) ≥ sdepth(S/I), as required.
(2) Follows from the linear space isomorphism I ∼ = I = I.
Proposition 1.3.
Proof. ( We consider now the case (I) = 2. Suppose I = ( 1 2 ). By Theorem 1.1 (1), we can assume GC D( 1 2 ) = 1. Therefore, I is a complete intersection and by [ 
Stanley depth of monomial ideals with small number of generators
The following result is a particular case of [6, Theorem 1.4]. ( 2 ) and suppose ≤ . We have the following decomposition given by Lemma 1.1:
Note that ((I : )) ≤ (I). If ((I : )) < 3, we can find a Stanley decomposition for (I : ) with it's Stanley depth ≥ − 1 and we stop. Otherwise, we replace I with (I : ) and we repeat the previous procedure until we obtain an ideal with ≤ 2 generators of a monomial complete intersection ideal. Finally, we obtain a Stanley decomposition of I with it's Stanley depth equal to − 1. On the other hand, sdepth(I) < , since I is not principal.
Example 2.1.
Let I = ( 3   1   2  2   2  3  1  3 2 3 ). We have:
On the other hand, We obtain the following Stanley decomposition of I: Proof. If I = S there is nothing to prove, so we can assume I = S. Since I = I, it follows that m = ( 1 2 3 ) / ∈ A (S/I). Since = 1, it follows that ( ) / ∈ A (S/I) for all 1 ≤ ≤ 3. We denote m the ideal generated by the variables from Z . We have A (S/I) ⊂ {m 1 m 2 m 3 }. Thus, we can find a decomposition I = 3 =1 Q such that Q is m -primary or Q = S for all 1 ≤ ≤ 3. It follows that I = 3 =1 (Q ∩ S ). We assume Q 1 = ( 2 3 ), Q 2 = ( 1 3 ) and Q 3 = ( 1 2 ) where are some nonnegative integers. By reordering Q 's, we can assume ≥ . It follows that Q 1 ∩ S 3 = ( 2 ) ⊂ Q 3 . Therefore, I 3 = ( 2 ) ∩ ( 1 ) = ( 2 1 ) is principal and thus, I 3 = I 3 .
Monomial ideals in three variables

Proposition 3.1.
Let I ⊂ S := K [ 1 2 3 ] be a monomial ideal which is not principal. If I = I then sdepth(I) = 2.
Proof. We denote = GC D( | ∈ G(I)) and I = (I : ). By Theorem 1.1 (2), we have sdepth(I) = sdepth(I ). Since, also, I = I , we can assume I = I . If (I) = 2 or (I) = 2, by Proposition 1.4, it follows that sdepth(I) = 2. Now, we consider the case: (I) = 3 and (I) ≥ 3. In the notations of Lemma 3.1, we can assume that I 1 = I 1 and I 1 is principal. Thus sdepth(I 1 ) = 2. We write I = I 1 ⊕ 1 (I : 1 ). Obviously, I (I : 1 ) and (I : 1 ) = (I : 1 ). We can use the same procedure for (I : 1 ). Finally, we obtain a Stanley decomposition of I with its Stanley depth equal to 2.
Corollary 3.1.
If I ⊂ K [ 1 2 3 ] is a monomial ideal, then sdepth(I) ≥ sdepth(S/I) + 1. In particular, if sdepth(I) = 1, then depth(I) = 1.
